letter to the editor’

Comments on “Empirical Orthogonal
Function-Analysis of Wind Vectors
Over the Tropical Pacific Region”

Legler had to estimate n = 477-dimensional EQOFs by means of
m = 2l6sample vectors Xy, . . .Xm. The conventional way is to esti-
mate the n*n 2nd moment matrix X by:

1
X=—ww
m

where W is the n*m matrix containing the sample x; as i.th column
and W’ its complex conjugate transpose, and to calculate the EOFs ¥
as eigenvectors of X. The statements given below hold also if the con-
sidered data are real. In this case, W' is the transposed matrix.

Ifnislarge, asitis in Legler’s paper, it becomes difficult and time
consuming to compute the eigenvalues and eigenvectors of the n*n
matrix WW’. But if the number m of samples is less than n, the prob-
lem may be reduced by a simple trick, which is based on the
statement:

A) Ifr # Oisaneigenvalue of W'W with multiplicity s and eigenvec-
Lors ¥y, . . .¥s then ris also an eigenvalue of WW’ with the same
multiplicity and eigenvectors Wyy, . . .Wy,.

Proof: Letr # 0 be an eigenvalue of W'W with eigenvectory # 0, i.e.
W'Wy = ry. The assumption Wy = Oleadstory = W'Wy = 0, thus
r = 0 contradicting r # 0. Thus, we have Wy # 0.

(WW)(Wy) = WW'W)y = r(Wy)

proves that Wy is eigenvector of WW’ to eigenvalue r. r has the same
multiplicity for WW’ as for W'W if the vectors Wy, . . Wy,are line-
arly independent, which can casily be shown.

WW’ is an n*n matrix and W'W a m*m one. W'W has m eigen-
values and WW' n. Each nonzero eigenvalue of W'W is one of WW’
according to (A). It follows that maximally, min(n,m) useful EOFs
can be estimated.

Summarized, the algorithm is as follows: If n =< m, solve directly

T = X
If n 2> m, solve
1

ze=—WWz
m
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and define as EOF:

S Wz
T wa|

where || || denotes the Euclidean norm and T the ¢igenvalues.
In Legler's example, the matrix is reduced from 227 529 to 46 656
coefficients, which is a significant reduction.

Hans von STorcH and GERHARD HANNOSCHOCK
Meteorological Institute

University of Hamburg

Fed. Rep. Germany

Response

I would like to thank the authors of the letter for indicating an inter-
esting and useful trick for decreasing the size and difficulty in deter-
mining the eigenvectors and eigenvalues in the EOF problem. This
technique will enable users to solve larger data sets when M = N.

I became aware of this useful idea after completing the analysis. In
addition, there is another way of reducing the size of the matrix. By
simply inverting the N X M matrix toan M X N matrix.i.e.,invert-
ing the spatial and temporal data, the reduction in coefficients for
this particular problem would be exactly the same as mentioned by
Storch and Hannoschdck. In this way, the eigenvectors would be the
temporal variability and the computed coefficients would contain
the spatial patterns. Thus. these roles are reversed from my previous
paper. Once again, this inversion is only advantageous when
M=N.

An interesting fact included in this discussion, is the cost of com-
puting the eigenvectors. With the vector processors used today,
(CRAY 1, CYBER 205 for example) the dollar cost of computing the
eigenvectors is only a portion of the cost of using EOFs. Computing
the coefficients. plotting the results, and handling the data require as
much computer cost as computing the eigenvectors.

Using the recommended techniques will enable the user to reduce
the central memory needed and provide an economical way to find
EOFs of large data sets.

Davip M. LEGLER
Department of Meteorology
Florida State University
Tallahassee, FL 32306
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