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ABSTRACT In a series of 5-day forecasts with a 3-layer/2.8° hemispheric model, 
horizantal diffusion schemes of the second and fourth degree are compared with a 
numericalfilter technique. The results, which are discussed mainly in terms of spectra/ 
energetics in zonal wavenumber space, indicate thatfourth-degree diffusion is more 
scale selective than second-degree and equivalent to filtering. The seventh-order filter 
applied only intermittently to the prognostic variables is superior to fourth-degree 
diffusionfrom the viewpoint of computational economy. Excessive dissipation of the 
long waves may inhibit the production of eddy kinetic energy from eddy available 
potential energy. 

RESUME Des algorithmes de diffusion horizontale au deuxieme et au quatrieme 
ordres sont compares ii unfiltre numerique, sur une serie de predictions de cinqjours 
chacune ,fournie par un modele hemispherique 3 couches/2 .8°. Les resultats, discutes 
principalement en termes d'energie spectrale en espace de nombre d'ondes zonales, 
indiquent que la diffusion au quatrieme ordre selectionne les echelles plus que ne lefait 
la diffusion au deuxieme ordre et est equivalente ii un filtrage. Le filtre de septieme 
ordre applique de faf:on intermittente aux variables du modele est meilleur que la 
diffusioh au quatrieme ordre en ce qui concerne le coflt de calcul. Une dissipation 
excessive des grandes longueurs d'ondes peut reduire la production d'energie 
cinetique turbulente ii partir de[' energie turbulente potentielle disponible. 

1 lntroduction 
Numerical models of atmospheric ftow generally show tendency for sys
tematically accumulating energy at the high wavenumber end of the truncated 
spectrum. The main-reasons for this model defect are: 

aliasing error produced by the non-linearity ofthe governing equations; 
computational modes generated eventually by finite differencing; 
parameterizations of subgrid-scale processes, such as convection or tur
bulent mixing. 

ATMOSPHERE-OCEAN 18 (3) 1980, 239-253 0705-5900/80/0000-0239$01.25/0 
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Other possible sources of fictitious small-scale energy (noise) production 
are the boundary conditions and the initial imbalances between the mass and 
wind fields giving rise to excessive gravitational modes. Numerical instability 
that might be produced by these effects is generally avoided by introducing 
some kind of internal dissipation mechanism into the model equations. 

As opposed to the numerical arguments given above, the physical necessity 
of considering internal dissipation terms is not so obvious. Tennekes (1978), 
for example, showed that in quasi-geostrophic ftow the direct effect of small
scale eddies on !arger scales is inversely proportional to the scale separation. 
The effect of subgrid scales on scales > 1000 km is in principle negligible, at 
least in short-range numerical weather prediction models, provided a reason
able resolution, say 100 km, is used. This is why direct dissipation of these 
scales should be avoided and confined to those scales for which there are 
fictitious sources such as aliasing, time decoupling or parameterized subgrid
scale fluxes. 
Two generally applied scale selective methods are: 

- The non-linear eddy diffusion method based upon certain physical con
cepts of the interaction of grid- and subgrid-scale processes. A typical 
example is the classical approach of Smagorinsky (1963) relating internal 
dissipation to the local deformation of the flow. 

- The filtering method which prevents the accumulation of small-scale 
energy through the application of a numerical low-pass filter to the prog
nostic variables of the model equations (Shuman, 1957; Shapiro, 1971; 
Storch, 1980). 

The scale selectivity ofthese methods was compared by Shapiro (1971) and 
Geleyn et al. (1977) by simply testing Un+t = Un + diffusion and Un+t = filtered 
un. Geleyn et al. found that fourth-degree non-linear diffusion schemes are 
more scale selective than second-degree ones, as might be expected from 
linear theory. Shapiro showed that high-order filter methods are superior to 
second-degree non-linear diffusion schemes. Equivalent results were ob
tained by Williamson (1978) in weather prediction experiments and Francis 
(1975) in general circulation simulations. 

The present investigation compares second- and fourth-degree diffusion 
schemes with the filtering technique in a hemispheric model (Roeckner, 1979) 
which prevents systematic build-up of small-scale energy due to aliasing by 
using "Arakawa-type" approximations for the non-linear momentum advec
tion terms (Arakawa and Lamb, 1977). Consequently, the horizontal eddy 
diffusion coefficients used are smaller than in Williamson's (1978) experi
ments and the interval between two successive filter applications is larger than 
in Francis' (1975) experiments. The results obtained from hemispheric 5-day 
forecast experiments are discussed mainly with respect to the spectral be
haviour of kinetic and available potential energy. 

Though our investigations cover only a period of 5 days, it seems probable 
to us that the results are also valid for langer periods. 
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2 Themodel 

a Equations 
The governing equations in a (A., ip, cr)-coordinate system may be written 
schematically as follows 

(1tu)1 + ... = F1..v + F1..H 

(1tv)i + ... = F~v + F~H 
(1tT)t + ... = Frv + FTH +Sr (1) 

1tt + ... = O" 

where u, v denote horizontal wind components, T temperature, q water 
vapour mixing ratio, and 7t difference between the pressures at the surface Ps 
and at the top ofthe model Pr· Advection, Coriolis and other terms belonging 
to the adiabatic system are omitted for convenience because their exact 
formulation is irrelevant to the problem under discussion. The F-terms at the 
right-hand side of ( 1) represent the effect of subgrid eddy fluxes of momentum 
(F,,,v, F,,_H, F ~v, F ~H), heat (Frv, FTH) and water vapour (Fqv, FqH), where the 
subscripts Vand H denote vertical and horizontal fluxes, respectively, and Sr 
and Sq represent sources/sinks of enthalpy and water vapour. 

b Discretization 
A detailed description ofthe finite-difference scheme used is given by Roeck
ner (1979), therefore, a summary should be sufficient here. 

The model equations (1) are discretized on the so-called B-grid (Arakawa 
and Lamb, 1977) with fJ.A = Aq> = 2.8° and 3Acr-layers of equal depth. For time 
integration, a leapfrog scheme is used combined with a weak time filter 
(Asselin, 1972) with the coefficient equal to 0.005, which is sufficient to 
prevent time-decoupling. 

To avoid a reduction ofthe time step At= 4 min because ofthe convergence 
of meridians near the Pole, the spatial prognostic variables polewards of 60"N 
are routinely Fourier-filtered. Spatial derivatives are approximated in a way 
similar to that of Arakawa (1972). Apart from time truncation, the following 
integral constraints are conserved in the discrete system: 

- kinetic energy and an enstrophy-analogue in momentum advection, 
- mean variances of temperature and mixing ratio in their corresponding 

advection terms, 
- potential temperature and its variance during vertical advection, 
- mass, momentum and total energy in the adiabatic system. 

c Boundaries 
Mountains are included in a realistic but slightly smoothed way. The top of the 
model is atpr = 100 mb. The "vertical velocity" cr = dcr/dt vanishes atp =Pr 
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and p = Ps· The calculations are confined to the Northern Hemisphere with 
symmetric boundary conditions at the equator. 

d Subgrid-Scale Processes 
The experiments discussed in the next section were performed without con
sidering radiation. Condensation and vertical subgrid-scale fluxes of 
momentum, heat and water vapour due to turbulence and convection are 
included. Detailsare given by Roeckner (1979). 

e Initial Data 
Initial conditions are for 2 January 1974, 00 GMT. Surface pressure and 
temperature analyses of the German Weather Service are used to obtain the 
mass field in the cr-system. The wind field was generated by dynamical 
initialization. Relative humidity was assumed tobe 7fY!lo everywhere. Surface 
values of temperature (climatological) and humidity were kept constant in 
time, with 7fY!lo relative humidity over land and 100% over the oceans. 

3 Methods 

In the case of horizontal diffusion, the effect of subgrid-scale fluxes F w, F 19H, 

FrH and FqH in (1) is approximated by second- or fourth-degree finite
difference operators. Applying diffusion terms to the model equations 
modifies a certain state s tos by 

s = s + atG(s) (2) 

where G(s) denotes the proper diffusion formulation. We used the second
degree approach of Smagorinsky (1963), which essentially leads to the form: 

G(s) = kijV(l2DV s). (3) 

where k0 is a free parameter, l a characteristic length scale (grid distance) and 
D the deformation of the flow. Furthermore, we used the fourth-degree 
approach of Williamson (1978) 

G(s) = kijV 2(14DV 2s) (4) 

The finite-difference formulations of (3) and ( 4) on the B-grid are given in 
Appendix 1. 

During the numerical integration of the system (1), the diffusion terms (3) 
and (4) were recalculated only every third time step. 

The filtering method transforms a certain state s tos by a linear operation 

s= F·s (5) 

where F denotes a two-dimensional numerical filter with the property 
lim1_,.0 F = identity. For more details see Appendix 2. 

We have introduced two modifications to the usual method of applying 
filters in large-scale models (Francis, 1975; Wallington, 1962; Hunt, 1974): 
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- The prognostic variables n, n u, n v, n Tand nq in (1) contain small-scale 
features determined by orography. In order to avoid imbalances in the mass 
field, the smface pressure is re<luced to mean sea level before filtering and 
recalculated thereafter, a procedure which is performed in an exactly 
reversible way. For the same reason, the variables u, v, Tand q are filtered 
instead of the variables in ftux form. (A test filtering the potential tempera
ture instead of T showed that the inftuence of orography on the small-scale 
feature is negligible.) 

- To avoid overdamping and wasting computer time, the frequency of ap
plying the filter is controlled by the small-scale energy production of the 
model. About every half hour, the kinetic energy of the highest resolved 
wavenumbers (here k = 59, ... , 64) is calculated, averaged over time (7 time 
steps) and height, at about 45° latitude. If a specified threshhold value is 
exceeded, the filter is applied once to both time-levels of the leapfrog 
scheme. The choice of the threshhold value is oriented to the initial value of 
the small-scale energy. The results are, however, not very sensitive to small 
changes in this value. 

The mean filter application interval, during the 5-day experiment per
formed, was about 100 time steps. Thus, on an average, the filtering procedure 
including the check of the noise level took only about 5 percent of the 
computer time required for the diffusion terms. 

4 Evaluation method 
Kinetic and available potential energy and some terms in the kinetic energy 
equation, such as dissipation and production, were calculated in zonal 
wavenumber space on pressure surfaces (Hinrichsen, 1977). The spectral 
distributions shown in the figures refer to hemispheric and daily averages 
(every 6 h) at the 500-mb Ievel. 

For the kinetic energy spectra, a - 3 slope is predicted by two-dimensional 
theory (Charney, 1971) and verified by atmospheric data (Desbois, 1975; Chen 
and Wiin-Nielsen, 1978). For the available potential energy spectra, the 
theoretical - 5 slope cannot be verified by observations. Chen and Wiin
N ielsen (1978), for example, found a -3 slope in the atmosphere between 
wavenumbers lO and 40. 

Therefore, the -3 slope beyond, say, wavenumber lO will be used as a 
guide for judging the efficiency of the damping methods compared in the next 
section. 

Differences occur in our experiments mainly in the smallest resolved scales 
and are small in the larger ones. On the other band, the differences between our 
forecasts and the observed states after 5 days is fairly substantial with 
respect to the meteorologically relevant scales. Th;refore, the verification 
was made not against observations but against a reference experiment lacking 
horizontal dissipation. This reference run allows estimation ofthe effect of the 
dissipation on the largest scales, which should be small. 
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Fig. l Hemispheric distribution of 
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Fig. 2 Spectral kinetic energy (KE) distributions at 500-mb ofthe initial state and for Days 1, 4 
and 5 averaged over 6-h intervals. Units: 105 J/(m2 x 103 mb). 

5 Results 

a Reference Run 
The reference run denoted by R was performed without horizontal diffusion 
or filtering. The solution remained stable for at least 5 days. However, 
small-scale noise developed and is superimposed on the large-scale patterns, 
(see Fig. 1). The unrealistic, but not dramatic, increase ofnoise is also evident 
in the spectral distribution ofkinetic energy (Fig. 2). This noise mainly reftects 
the absence of an energy sink at small-scales and is generated by orography, 
the land-sea distribution, subgrid-scale processes similar to convection and 
the time truncation error. A spurious energy cascade due to aliasing is largely 
reduced by the Arakawa-type approximation used for the momentum advec
tion terrps. 
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Fig. 3 As Fig. 1, except for experiments S,, S2 , Wand F. 

b Experiments 
In the following sections we shall compare experiments with the horizontal 
diffusion methods of Smagorinsky (1963) and Williamson (1978) and a nu
merical filter technique (Storch, 1978). The following notations will be used: 
S1 for Smagorinsky's second-degree scheme with k0 = 0.1 in (3), S2 as for S1 

with k0 = 0.2, W for Williamson's fourth-degree scheme with k0 = 0.1 in (4), 
and F for Storch's seventh-order numerical filter (15 points each in zonal and 
meridional directions) applied according to the algorithm given in Section 3. 

Figure 3 shows the 500-mb height fields after 5 days. Compared to the 
reference run R (Fig. 1), the fields are much smoother, yet the large-scale 
features are similar. The S 1-run is, however, noisier than the others and the 
Si-run seems to be slightly oversmoothed. Some synoptic features are more 
sharply pronounced in F than in the other experiments. 
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Fig. 4 Tempora! development of space-averaged eddy kinetic energy. Units: 105 J/(m2 x 
103 mb). 

c Eddy Kinetic Energy 
The temporal development of mean eddy kinetic energy is shown in Fig. 4 for 
all experiments. S1 and W give equivalent results, whereas S2 shows a re
markable loss of energy. The weakest energy reduction with respect to R is to 
be seen in the filter experiment F. 

d Spectral Energy Distribution 
Figs 5 and 6 show the 500-mb spectral distribution of kinetic energy and 
available potential energy. The - 3 power slope is drawn to facilitate compari
son ofthe four experiments. The spectral slope is reproduced "correctly" by 
S2 and W. S1 produces a rather high level of small-scale energy, while F shows 
an excessive reduction beyond about wavenumber 40 because ofthe shape of 
the filter's response function (Storch, 1978). Differences at the }arge scale can 
hardly be detected in Figs 5 and 6. Therefore, additional information is given 
in Tables 1 and 2 for three large-scale spectral ranges. In the "long" waves 
(k = 1-4), there is a loss of energy compared to the reference run in all experi
ments except F, which shows practically no change. The same is true for the 
"short" waves (k = 9-15). However, the "cyclone-scale" waves (k = 5-8) 
reveal a general increase of available potential energy, which cannot be 
understood in terms oflinear arguments. 

S2 shows a remarkable energy reduction at practically all ranges and differs 
considerably from the other experiments which are as a whole closer together. 
The smallest deviation from the reference run occurs in experiment F. 

If only the total eddy kinetic energy is considered (Fig. 4), S1 and W seem to 
be equivalent. Their corresponding spectral energy distributions, however, 
differ considerably (Figs 5, 6 and Tables 1, 2). More insight into the properties 
ofthe different diffusion schemes is obtained from analyses ofthe dissipation 
term in the kinetic energy equation as described in the next sub-section. 
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Fig. 5 Spectral kinetic energy distributions at 500-mb for Day 5 averaged over 6-h intervals. 
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Fig. 6 As Fig. 5, except for available potential energy (AE). 

TABLE 1. Percentage deviation of mean kinetic energy at 
500 mb from the reference run for 3 wavenumber 
ranges at forecast Day 5 (6-h averages) 

k 

Experiment 1-4 5-8 9-15 

S1 -55.0 -5.4 -21.9 
S2 -15.1 -15.7 -46.6 
w -4.0 +2.8 -29.5 
F +0.02 +3.0 -15.5 
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TABLE 2. As Table 1, except for available potential energy 

k 

Experiment 1--4 5-8 9-15 

S1 -6.4 +5.2 -7.4 
S2 -9.6 +6.1 -25.3 
w -6.6 +24.0 -6.6 
F -2.1 +18.4 +3.1 

TABLE 3. Initial 500-mb distribution of hemispherically-averaged dissipation due to hori
zontal diffusion, summed over several wavenumber ranges. Units: W /(m2 x 103 mb) 

k 

Experiment All Waves 1--4 5-8 9-15 16-32 33-64 

S1 0.377 0.148 0.063 0.075 0.078 0.013 
S2 1.508 0.592 0.251 0.298 0.312 0.052 
w 0.409 0.108 0.061 0.082 0.115 0.043 

TABLE 4. As Table 3, except for dissipation due to horizontal and vertical diffusion and 
Day 5 forecasts averaged over 6-h intervals 

k 

Experiment All Waves 1--4 5-8 9-15 16-32 33-64 

S1 0.676 0.202 0.111 0.108 0.147 0.107 
S2 0.761 0.297 0.159 0.130 0.119 0.056 
w 0.609 0.152 0.089 0.104 0.168 0.097 

e Energetics 
The transformation terms in the kinetic energy equation (dissipation, produc
tion, non-linear interaction, ftuxes) were calculated on pressure surfaces in 
zonal wavenumber space according to Hinrichsen (1977). 

Table 3 shows the initial spectral distribution of the mean 500-mb dissipa
tion term calculated from the horizontal diffusion terms (3) and (4) for the ex
periments S1, S2 and W. Although the same constant, k0 = 0.1, was used for S1 

and W, giving a mean eddy diffusion coefficient at 500-mb of 2.1 x 104 m2 s- 1, 

the total dissipation (first column) varies s~ightly owing to the different 
formulations of second- and fourth-degree diffusion in (3) and ( 4), respectively 
(see also Appendix 1). Even though the total dissipations of S1 and Ware 
similar, their spectral distributions are different: In the ranges k = 1-4 and k = 
5-8 the W-scheme produces less dissipation, whereas in the rangek = 33-64 it 
is comparable with the second degree scheme S2 which uses k0 = 0.2. 

On Day 5 the situation in the high wavenumber range is reversed. Table 4, 
which contains the sum ofhorizontal and vertical dissipations (unfortunately, 
due to a coding error, Table 4 includes vertical dissipation, which amounts to 
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about 50% ofthe total internal dissipation given in the Table), shows that for k 
= 33-64, S2 gives the weakest dissipation and S1 the highest. In the long 
waves, S2 still shows the strongest dissipation, however, the difference with 
respect to S, and W has decreased with time. 

The striking diff erences observed in the kinetic energy of the relevant 
scales k = 1-15 between S2 and the other experiments (Table 1) cannot be 
fully explained by the repeated application of an excessively high diffusion 
term which has the tendency to gradually adjust to a reasonable value (Tables 
3 and 4). 

Beyond about Day 3, other terms in the kinetic energy equation, such as 
production, gradually became reduced in experiment S2 • The most remark
able feature during the last two days ofthe experiments was an increase of the 
wavenumber 2 production term, shown in Fig. 7. Except for S2 , all experi
ments including the reference run (not shown) gave equivalent results. The 
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Fig. 8 Meridional distribution of zonal standard deviation of surface pressure at Day 5. Units: 
mb. 

reduction of the Sz-production term may be explained by an oversmoothing of 
the long waves during the first period of integration. 

f Meridional Distribution 
Until now, only the zonal structure ofthe energy terms has been investigated. 
We also compared zonal averages and standard deviations of several variables 
as functions of latitude. As a whole, the experiments gave similar results, 
exemplified by the meridional distribution of the standard deviation of surface 
pressure (Fig. 8). lt is especially noteworthy that the filter experiment F 
produced no irregularities in the polar region. This might have been expected 
as a result of cross-polar filtering (Appendix 2). 

6 Conclusions 
The main conclusions to be drawn from comparing horizontal diffusion and 
filtering methods in 5-day simulations with an Arakawa-type model are: 

- As might be expected, fourth-degree non-linear diffusion schemes are 
superior to those of second-degree from the viewpoint of scale selectivity. 
For a given amount of high wavenumber dissipation needed to produce a 
realistic spectral slope, fourth-degree schemes lead to less damping in the 
relevant scales than second-degree schemes. 

A similar result was obtained by Williamson (1978) with a model which 
contains non-Arakawa-type approximations of the non-linear terms. 

- A high order two-dimensional numerical filter applied intermittently, de
pending onthe model's noise production, is sufficient to avoid a build-up of 
energy at the small-scale end of the spectra. The results of the filter and 
fourth-degree diffusion experiments are essentially equivalent, although 
the filter appears to be slightly more scale selective. Apart from its scale 
selectivity, the main advantage of the filter is its computational economy 
which results from intermittent application. For example, during our 5-day 
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experiments the total computer time required to calculate the filtering 
procedure took only about 5 percent of the time for the fourth-degree 
diffusion terms. 

- Overdamping at low wavenumbers may lead to a gradual decrease ofkinetic 
energy production from available potential energy. This fact might be 
important for long-term integration. 

Appendix 1 

a Second-Degree Diffusion (Smagorinsky, 1963) 
The eddy diffusion terms for momentum, temperature and humidity are 
approximated in the B-grid as follows: 

F - 1[" (K-"'D-"'-"') "(K-"D_„_„ )] l.H = r ul. 2 r1t + u"' 2 srt cos <p (Al) 

F<pH = ,- 1 [0„(KiD~n"') - ö"'(JqD~n" cos <p)] (A2) 

FTH = ,- 1 [r- 1 0„(K~n:'-(T/0).)o„e) + a- 1o"'(Kin"'(TJ0"')o"'0 cos <p)] (A3) 

FqH = r- 1 [r- 1 0„(K~n'-o._q) + a- 1s.,<Kin"'ö"'q cos<p)] 

with Dr = r- 1 [S„u<P - o.,(ii" cos <p)] 

Ds = r- 1[8,,ii"' + ö"'(u"cos<p)] 

K 2 = kijl2D 

[2 = a 2 cos <p .Uß<p 

and D = (Dt + D~)112 

(A4) 

and the following notation: /..,, <p are longitude, latitude, .U, ß<p are incre
ments, r = a · cos <p, and a is mean Earth radius, u, v are zonal and meridional 
wind components, T, q are temperature and humidity, 0 is potential tempera
ture, n = Ps - Pr, andp8 is surface pressure andpr, pressure at the top ofthe 
model, and k0 is a proportionality constant, 

o.xA = [A(x + ßx/2) - A(x - ßx/2)]/ßx 

,4.x = [A(x + ßx/2) + A(x - ßx/2)]/2 

b Fourth-Degree Diffusion (Williamson, 1978) 
Apart from the higher order derivative, the fourth-degree scheme has been 
simplified slightly compared to the second-order scheme: 

F,_H = -(An""'~"'A)u 

F<pH = -(An'""'K~"'A)v 

F TH = -(Ari:KiT/0)A)0 

TqH = -(ArtK4A)q 

with K 4 = k~D 

and Ao/ = o„o)_o/ + (cos <p)- 10"'(0"'"1 cos <p) 

(A5) 

(A6) 

(A7) 

(A8) 
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Appendix2 

Design of Hemispheric Numerical Filters 
Starting with a one-dimensional numerical filter of order m with weights 
a 0 , ••• , am as given by Storch (1978), one can define a "meridional filter" T~ 
and a "zonal filter" TA by: 

(7;pf)(cp, A,) = 

~aof(cp,A.) + i~ aj[f(cp -jAcp,A-) + f(cp + jAcp,A-)] 

{zonal mean of (7;pf) (~ - Acp, A.) 

(Td)(cp, A.) = 

~ a0 f(cp, A.) + i~ ai[f(cp, A. - jAA.) + f(cp, A. + jAA.)] 

lf(cp,A.) 

if cp =/: rt/2 

if cp = rr/2 

if cp =/: rr/2 

if cp = rr/2 

In order to apply these formulae to all grid points one has to extend the 
functionf tobe filtered outside the domain [O, (n/2)] x [O, 2n]. For the zonal 
direction this is done periodically, i.e.f(<p, /.., + 2rr) = f(<p, /..,). 

At the equator (i.e. <p - mA<p < 0) one has to look at the boundary 
conditions. If they are symmetric the extension is 

"(- A,) = { f(cp, A-) for scalar fields and the A.-component of the velocity 
J' <p, - f(cp, A.) for the cp-component of the velocity 

When crossing the Pole (i.e. <p + mA<p > rr/2) the signs of the velocity 
components are reversed, leading to 

!(2:_+ 1.,) = { f(rr/2 - <p, A. + rr) for scalar fields 
2 <p, - f(n/2 - <p, A, + rr) for the velocity components. 

The two-dimensional hemispheric filter Fis simply defined as F = TA· T~. lt 
can be shown that TA· T~ = T~ ·TA (Storch, 1980). 
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